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Using the standard Hamiltonian of the BCS theory, we show that in an ensemble of interacting 
fermions with the spin 1/2 there exist coherent states \NC), which nullify the Hamiltonian of 
the interparticle interaction (scattering). These states have an analogy with the well-known in 
quantum optics the coherent population trapping (CPT) effect. The structure of these CPT-like 
states corresponds to Cooper pairs with the total spin 5'=1. The found states have a huge degree 
of degeneracy and carry a macroscopic magnetic moment, that allows us to construct a new model 
of the magnetism connected with the delocalized electrons in metals (conductors). A principal 
possibility to apply the obtained results to the superfluid "^Ife is also demonstrated. 
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I. INTRODUCTION 

The effect of coherent population trapping (CPT) (sec 
[U, 0, H, 0, Q and references therein) is one of nonlin- 
ear interference effects. Owing to number of its mani- 
festations in different optical phenomena and its prac- 
tical applications CPT occupies one of leading place 
in modern laser physics, nonlinear and quantum op- 
tics. For example, CPT is used in high-resolution spec- 
troscopyjp, S B @1 7 nonlinear optics of resonance media 
[Tol [Tll. ll2| | , la ser cooling ij, [3| , atom optics and inter- 
feromet ry llSl. 16, 17l . physics of quantum information 

In the case of classical resonant field the CPT theory 
has been developed for a three-state model [1, Q as well 
as for multi-level systems with account for the level de- 
generacy [H, [H, I23, [2§| . Recently we generalize this 
theory to the case of an ensemble of atoms interacting 
with a quantized light field [13, HH . Note also the pres- 
ence of BCS- type states under the CPT conditions [33 |. 

From the very general point of view the essence of CPT 
can be formulated as follows. Consider two quantum 
systems (particles or fields) A and B. The interaction 
between them is described by the Hamiltonian Va~b- 
Then the CPT effect occurs when there exists a non- 
trivial state \NC), which nullifies the interaction: 



Va-b\NC)^0. 



(1) 



In this state, obviously, the energy exchange between the 
systems A and B is absent. However, information cor- 
relations of the systems can be very strong, leading to 
important physical consequences. Note that if the sys- 
tem A is equivalent to the system i?, then the condition 
([T|) means the absence of the field self-interaction or of 
the interparticle interaction 



Va-a\NC)^0. 



(2) 



field is deciphered as follows: A and B are ensembles 
of atoms and resonant photons, respectively; Va-b — 
— (dE) is the dipole interaction operator, and \NC) is 
the dark state \dark): 



(dE)|darfc) =0, 



(3) 



From this general viewpoint the standard CPT effect in 
the resonant interaction of atoms with electromagnetic 



In the course of the interaction atoms are accumulated 
in the dark state, after that they do not scatter light, 
and they are not scattered by light. The information on 
various parameters of the resonant field has been encoded 
in the state \dark) 

Our standpoint consists in the following. The CPT 
principle, expressed by ([1]) or is sufficiently univer- 
sal and it can manifest in various branches of physics. 
The significant progress in laser physics, spectroscopy, 
quantum and nonlinear optics caused by the invention of 
the CPT effect earnestly argues that such states should 
not be considered a priori as a mathematical artefact, 
despite their uncommonness and superficial paradoxical- 
ly. Thus, attempts to introduce CPT-like states (when 
they are present, of course) into a description of vari- 
ous phenomena from different branches of physics do not 
contradict to the general physical principles and they are 
well founded. 

For the first time such a generalized a ppr oach to CPT 
has been developed in our early paper (33[, where it is 
pointed out that from a phenomenological viewpoint the 
CPT effect has a some likeness to the superconductivity. 
In [3^ the following comparison is carried out: atoms 
and electromagnetic field from one side, electrons and 
phonons form the other side. Indeed, a gas of atoms 
being in the dark state \dark) do not interact with pho- 
tons (see eq.Q), similarly to electrons in a supercon- 
ducting state in solids, which are not scattered by the 
phonon oscillations of a lattice. In the paper [33| a hy- 
pothesis on the possibility of an alternative (to the stan- 
dard BCS theory [s^ ) mechanism of superconductivity 
has been proposed. Namely, a quantum system of elec- 
trons and phonons coupled by the interaction Hamilto- 
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nian Ve-phonon was considered. According to [33|, the 
new mechanism of superconductivity could be based on 
the existence of such a state \NC), which nuUifies the 
interaction operator Ve-phonon'- 

—phonon 

\NC)^0, (4) 

analogously to eq.([3]). Howe ver, an explicit form of the 
state \NC) was not found in [33l |. 

In the present paper for the standard Hamiltonian of 
intcrparticle interaction in the BCS model [34] we find in 
explicit and analytical form CPT-like states of the type 
In contrast to the scalar Cooper pairs {S= 0) in the 
standard BCS theory such CPT-like states are formed 
by pairs with the spin 5=1, i.e. here a vector p-pairing 
takes place. However, these states have a huge degree of 
degeneracy and due to this reason they can not be used 
as a basis for new mechanism of the superconducti vity 
as it has been suggested in our previous papers [H, l35j |. 
Nevertheless, the existence of such CPT-like states can 
lead to serious consequences, because these states carry 
a macroscopic magnetic moment, that allows a princi- 
pal possibility to describe a new approach to the mag- 
netism connected with the delocalized electrons in met- 
als (conductors). Apart from these, the obtained results 
can be related to the description of the superfluid phase 
of ^He, which, as is known, appears due to the formation 
of Cooper pairs with the spin 5*=!. 



II. ENSEMBLE OF FERMIONS IN A FINITE 
VOLUME 

Consider an ensemble of Af fermions confined to a vol- 
ume V, where Af—nV, and n is the density of particles. 
We will use the standard BCS Hamiltonian [s^ : 

Hbcs ^Ho + W. (5) 
The Hamiltonian of free particles can be written as: 

Ho = ^£i, alkOsk > (6) 



Only particles with wavevectors in the thin layer of the 
width 2 A around the Fermi surface (see in Fig. la), hav- 
ing the radius kp (A^ kp), are involved in the interac- 
tion. This subset in the wavevector space will be referred 
to as Dp. If even one of the vectors ki^2 does not belong 
to the subset Vp, then G(ki,k2)=0. The sign of the in- 
teraction constant g in ([8]) governs the attraction (g<0) 
or repulsion {g>0) between particles. The formfactor 
G(ki,k2) obeys to the general symmetry condition 



G(ki,k2) = G(-ki,k2) - G(ki,-k2) 



(9) 



In this case the Hamiltonian W consists of the quadratic 
operator constructions: 



r-k"ik 

H-k'^ik 



*Tk"i-k 
Hk«i-k 



nk"T-k ■ 

^ik"T-k 



, (10) 



which are antisynimetrical with respect to the spin vari- 
ables (t,i) and, consequently, they are scalar construc- 
tions. Thus, the operator W has the invariant form ([8|) 
independently of the direction of the quantization axis z, 
with respect to which the spin projections (t,i) are deter- 
mined. Thus, the relationship ^ is the consequence of 
the invariance of the Hamiltonian ^ with respect to the 
choice of the quantization axis z. It is usually assumed 
that G(ki,k2)=l at ki^2&'Dp. 

Recall, that, according to the standard conceptions of 
the description of the conductivity electrons in metals, 
the model Hamiltonian ([8]) is governed by the interac- 
tion of electrons with phonons of lattice and Coulomb 
repulsion between electrons. 

It should be especially noted that since the interac- 
tion Hamiltonian ([5]) consists of the scalar (with respect 
to the spin) constructions (|10p . then it was widely rec- 
ognized that the standard mathematical BCS model de- 
scribes only the scalar pairing of fermions. However, as 
it will be shown below, in the general case it is not so, 
i.e. the Hamiltonian ([5]) can describe the vector pairing 
as well. 



where ^^^('^sk) creation (annihilation) operator of 

Fermi particle in the state with wavevector k and spin 
projection s =t,i, and £f. is the energy of this state. 
These operators satisfy the following anticommutator re- 
lationships: 



sk"s'k' 



-I- a,,t,a 



s'k'^sk 



^ss''^kk'i 
0, 



(7) 



aL«l'k' +aI'k'aL = 0- 

The interaction between particles is described by the 
Hamiltonian coupling particles with opposite momenta 
and spin: 
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W 



V 



<^(l^i''^2)a|kial-kiai-k2"Tk2 
kp - A < \k\ < kp + A . 



,(8) 



III. CPT-LIKE STATES 

It turns out that the operator ([8]) allows the existence 
of the CPT-like states |A^G), obeying the condition 



W\NC) =0. 



(11) 



Let us build up these states. Consider first the following 
operator construction: 

bliO = («Tk4-k + e 4-kaIk)/V2 , (12) 

which generates two-particle coupled states with oppo- 
site wavevectors k and — k, and with the zero projection 
of the total spin; the parameter ^ is arbitrary number. 
Using the standard anticommutator rules for fermionic 
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FIG. 1: Illustrations: a) thin spherical layer Vf with the 
width 2 A around the Fermi surface with the radius kp; b) 



upper hemispherical layer V^jt^ with kz>0 



operators and a^^, and the property we calcu- 
late the commutator; 



W, 



^^^^^1 ^ G(ki,k)a|,^at_,^ (13) 



(1 + ? - ^_k«T-k - (^Ik^lk - alk^Tk - «I-k«i-k)- 

As is seen, when ^ = — 1 this commutator has the specific 
form, where all summands are finished by the annihila- 
tion operators a-^j^-^ and a^j^-^. Therefore we define now 

the basic operator construction ^\ ^: 



(14) 



(ajk^l-k + "ikaj- 



t ;;t 



which is symmetric on the spin variables tji- For this 
construction the commutator (1131) takes the form: 



^'M=VJ^ ^ G(ki,k)a|,^at_,^ 

kiGUj? 

(«T-k"T-k + ajk^ik - «Tk^Tk - al-kai-k) • (15) 



Apart from the operator 7^ there exist the other two 
quadratic in the operators a^_j_jj. constructions with the 



zero total momentum, for which the commutator with 
the operator W is finished from the right side by the 
annihilation operators S^j-k- These construction are: 



^li.k 



"Tk T-k 



7lr,k 



"ik"i--k ■ 



(16) 



for them the following commutator relations are fulfilled: 



M,k 



V ^ 

kiePj? 



G(ki,k) ajkiol-ki 



("'^T-k^i-k + ajk'^ 



Tk"Xk; 



(17) 



f E G(ki,k)a|,^a|_,^ 
kiei^F 

(a|-k«T-k - "IkflTk) • 



(18) 



The expressions ()15p . (fT7|) . and ([T8|l are crucial for the 
building up the CPT-hke states PT|) . 

A set of the three operators 7^ j^. (g=0,±l) for the given 
k constitutes an invariant (with respect to the choice of 
the quantization axis z) subspace and it describes the 
three orthogonal components of the particle spin 5=1 
(i.e. it corresponds to the vector particle). These com- 
ponents correspond to the spin projections (0,±?i) onto 
the z axis. Thus, here we deal with the vector pairing of 
p-type, contrary to the scalar pairing of s-type (5=0). 

Due to the obvious relationship 



%Vk 



(g = 0,±l) 



(19) 



the operators 7^ j., defined on the spherical layer kSl?Fj 
are not independent. Therefore instead of the Vp we de- 
fine a hemispherical layer in the wavevector space. For 

example, choose the upper hemispherical layer P^'' (see 
Fig. lb), consisting of vectors kel?i? with positive pro- 
jections on the axis z (kz>0) only. Now the operators 
7^ k' defined for vectors keP^^ are independent. Note, 
that the introduction of the hemispherical layer in the 
wavevector space plays an auxiliary role, reducing some 
notations. The concrete choice of the hemispherical layer 
do not effect on the following results. 

Let us demonstrate the method of the construction of 
the CPT-like states ([TT|) using a concrete example. Con- 
sider the operator construction of the following form 



4- 



NC\ 



■) 



n 



7d,k^ 



(20) 



consisting only of the operators 7g ^, which correspond to 
the zero spin projections of the vector particles (|14p . This 
construction acts on the upper hemispherical layer D^p''^ 
(for each k the operator 7^ |^ is used, at most, once). Ob- 
viously, the order of multipliers can be arbitrary, because 
[^g k' 'Tg' k']~0- factor out arbitrary operator 7^ j^, 
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in (120]) from the product 11 and then act by the operator 
W on $Arc(...7o,k--): 

k/k' 

{iIu'W+[W,jI^,]) Y[^l^. (21) 

Since under the sign 11 in (PT|) the creation operators 
with wavevectors ±k' are absent, then, as is follows from 
eg. p^ . the commutator [W, 7g can be moved to the 
right side through the product 11. As a result, the ex- 
pression (|2ip can be written as: 



"fi.M'W n ^o.k+ n ^k [^^'7^,1 
k#k' \k#k' / 

Let us consider also the operator construction 
$(A) = Yl 

|k|<(fc^-A) 



(22) 



(23) 



which, acting on the vacuum |0), generates the state, 
corresponding to the completely occupied sphere with 
the radius {kp — A) in the wavevector space (in Fig. la 
it corresponds to the inner sphere shaded by skew lines) . 
The following commutator relationships are evident: 

[W, $(A)] = 0; [[t?, jI^], $(A)] - (k e ) , 

(24) 

because in the operator $(A) (see (1^ ) only the wavevec- 
tors |k|<(fc_F— A) are used. These vectors do not belong 
to the upper layer Dp where the operators W and 7^ ^, 
act. 

Let us prove that the state |A^C, ...7q j^...), nullifying 
the interaction (fTT|) . has the form 

\NC, ...7^,k-> - $ivc(...7o^...)*(A)|0) . (25) 

Acting on this state by the operator W, and taking into 
account the relationships and ([M)) . one can obtain: 



vk#k' 



n ll I $(A) [W, 7d.k'] |0) 

i,k#k' 



(26) 



However, since the commutator is finished from 

the right side by the annihilation operators, then 
[W',7tj^,]|0) = 0. Thus, from ^ we have 



(27) 




$(A)|0) 



From this equation we see that it is possible to change 
the order of the sequence of W and any operator 7^ ^. 
Proceeding this consideration step by step and taking 
into account (l24l). we obtain: 



W^|7VC,...7lk-> = W?$^c(...7d.k-)*(A)|0) = 
$Arc(...7cl,k-)$(A)t^^|0) =0. 



(28) 



Here the last transformation to zero is obvious, because 
the operator W (see ([8])) is finished from the right side 
by the annihilation operators a^-i-k- Thus, we prove rig- 
orously that the state (|25p nullifies the interparticle in- 
teraction (scattering), i.e. it obeys the equation pT|) . 
Consider now instead of the particular construction 
.) (see (PU)) ) the more general operator con- 



jvc(.-7o,k- 



struction: 



NC( 



n 



(9k 



0,±1) 



(29) 



where the operators 7g j. and 7^]^ ^ can be used in dif- 
ferent ways. Each wave vector k should appear only one 
time (independent of the value q^J. Performing mathe- 
matical calculations analogous to aforecited and taking 
into account the commutator relations ([T5)) . (fTTl) . (llSp . 
and (|24p . it can be easily seen, that any state of the form 



\NC, 



NC[ 



.)a>(A)|0) (30) 



obeys the equation (fTT|) . i.e. it is a CPT-like state. 

From the construction it follows that the states 
\NC, ...7^ [j....) have the form of wave function of a sys- 
tem of non-interacting particles with the spin 1 and they 
are characterized by a set of indices {...,q^, ...}. Let us 
denote the number of fermions in the spherical layer Vp 
as SM. Consequently, the number of vector pairs will 
be dAf/2. Then the number of different CPT-like states 
\NC, ...7] i^...) is equal to 3^^^. By its sense the num- 

ber SM equals to the number of electrons in the spherical 
layer {kp—A)<k<kp at the dense packing in the Fermi 
sphere in the absence of the interaction ([H). In the case 
of A-^kp we have the following relationship: 



SM A 
N ^ k^ 



(31) 



It should be noted the presence of the construction $(A) 
in (|30p is necessary from the physical point of view, since 
the form of the interaction Hamiltonian ([8]), according 
to |3j|, is a consequence of almost completely occupied 
Fermi sphere. Thus, physically significant states should 
differ from the ideal Fermi state \F): 



n °Tk«ik I io) 

k|<fcF 



(32) 
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only in a small region nearby the Fermi sphere. For the 
state ([501 this difference is described by the construction 
^AfC (EH): acting in the thin layer Dp around the Fermi 
surface in the wavevector space. 

As is easily seen, any state \NC, ■•■7^^ k---) eigen- 
state for the unperturbed Hamiltonian Hq and, conse- 
quently, for the total Hamiltonian Hbcs- 

Hbcs\NC,...jI,^...) = 

Ho \NC, ...7<|^,k-> = Er,c \NC, ...7l^,k-> • (33) 
In the case of quadratic dispersion law 

(ftk)2 



2m 



the eigenenergy is 

Enc ^Ef + AEnc , (35) 
where Ep is the energy of an ideal Fermi-sphere: 

10 m 

and AEnc is the relatively small (AEnc^Ef) positive 
contribution to the energy 

which is due to the distribution of electrons over the 
whole thin layer Vp. Since the eigenvalue is the same 
for any CPT-like state |iVC, ...7] i,---)' then the energy 
level Ejsic has a huge degree of degeneracy, that is equal 
to 3^/2. 

As to the construction \E'Arc(---7o k---); the occupa- 
tion of all the thin layer Vp in (|29p is dictated by the 
conservation of particle number. Indeed, as it follows 
from (fTi|) and the operators k describe the dis- 
tribution of two electrons among the four states |t,k), 
II, k). It,— k), II,— k). Because of this, in order to dis- 
tribute all electrons, which at the dense packing (into 
Fermi sphere) were located in the layer {kp—A)<k<kp, 
we need in a doubled volume in the wavevector space. 
In the case A-^kp practically the whole thin layer Dp 
(see in Fig. la) corresponds to a such double volume, for 
which {kp—A)<k<{kp+A). In the general case of the 
construction nc we can use arbitrary number of differ- 
ent operators 7^ j^, what can be written in the form: 



*A'c(...(7:,,k)'^..) = n (7:,,k) 



(38) 



(gk = 0,±l; /k = 0,l) 
where the zero power of an operator equals the unity 

'9k. 



operator, i.e. (7^ k)"=-'- ^'^^ ^ ^^'^ Ik- 



It should be noted that due to the full spherical sym- 
metry on the translational degrees of freedom (i.e. with 
respect to the directions of wavevectors k) in the opera- 
tor construction $Arc(...7^^ k---) (^^e (HH)) the CPT-like 
states (15(11) correspond to the zero total orbital momen- 
tum Ltotai=0- While for the states formed with the use 
of the more general construction ((38|) . there exist states 

with Ltotaly^O- 

Note also that the ground state in the BCS theory [s^l 
can be written in the form 



\BCS)^l[{{l-V^) 



1/2 



1/2^1 -t 



}|0), (39) 



(34) where rj^^ are variational coefhcients. Let us discuss some 
properties of the states \NC, ■■■^l^ k---)' which are quite 



different from those of the state \BCS) in the BCS the- 
ory: 

I. lA^C, ...7^ J....) are eigenstates for the particle number 



operator N—J2 



N\NC, 



= J\f\NC,. 



(40) 



II. The states \NC, 



■^Lk- 



are eigenstates for the total 



momentum operator P=J2'k si^^)'^ 



sk^-sk- 



For example, 

if the Fermi sphere is constructed around the wavevector 
K, then we have: 



P|iVC(K)) = J\f{hK)\NC{K)) , 
where \NC{'K)) denotes arbitrary state |-/VC, ...7, 



(41) 



Ik'' 



The consideration above dealt with the particular case 
K=0, but the generalization to arbitrary K is almost 
elementary and it is achieved by the formal substitution 
The eigenenergy of the states |A^C(K)) is 



*s,k~ 



■ a 



t 

s,k+K 



ENciJi-) 



E 



NC 



2m 



^^ 



(42) 



i.e. the quadratic in K dispersion law takes place. 

III. The states \NC, ...7^ ^^...) do not depend on the value 

^k ' 

and sign of the coupling constant g, i.e. they exist in both 
cases of weak and strong coupling, and for the case of in- 
terparticle repulsion. Although it should be noted that 
the particle conservation law leads to a dependence of the 
eigenenergy Ei^c on the other parameter A (see ([35])). 

IV. All the states \NC, ...7] j^...) belong to the same en- 

^k ' 

ergy level E^c, which, consequently, has a huge degree 
of degeneracy, while the ground state \BCS) in the BCS 
theory are non-degenerate. 

Note, that a possibility of the formation of the triplet 
state of Cooper pairs has been studied in the papers [3a, 
[13, m, [3^ \40\ for the case of Hamiltonians different from 
the standard BCS Hamilotian ([51). 



IV. MAGNETISM OF THE DELOCALIZED 
ELECTRONS ON THE BASE OF CPT-LIKE 
STATES 

Evidently, the CPT-like states constitute a special 
class of eigenstates of the total Hamiltonian Hbcs in 
view of the independence on the coupling constant g, 
while, undoubtedly, there exist other eigenstates with a 
nontrivial analytical g-dependence of the energy E{g). 
Because of this a question about the physical realization 
of the states \NC) requires a separate consideration. In 
the case of interparticle attraction (g<0) the energy E^c 
for the CPT-like state lies above the ground-state energy 
of the BCS theory. However, in the theory with interpar- 
ticle repulsion (5>0) it is possible, in principle, that the 
states \NC,...jI ^^...) will be the ground state, because 
other states acquire a positive increment to the energy. 
Since the states {|A^C)} carry the macroscopic magnetic 
moment, then in this case the set of states {|A^C)} can 
serve, for example, for the description of ferromagnetism 
related to the conductivity electrons in metals. 

In particular, under some simplifying assumptions on 
the dispersion law and interaction Hamiltonian (see in 
Appendix) it can be proved rigorously, that, indeed, the 
states {\NC)} have the lowest energy at g>0. Basing 
on the subspace of the states {\NC)}, we can now con- 
struct a model describing the paramgnetism and ferro- 
magnetism in an ensemble of fermions. First of all, in 
the framework of our approach we describe the induced 
magnetization (i.e. the paramagnetism) under the action 
of external magnetic field. To do this we will consider a 
simplified thermodynamic model of the particle ensem- 
ble, which is described by the states \NC, ...^l j^...) only, 

9k ' 

in a static magnetic field B—Bbz- The quantization axis 
z is directed along B. This model corresponds to the en- 
semble consisting of 6Af/2 particles with the spin S=l, 
when every particle can carry the magnetic moment 2g/i^ 
depending on the spin projection hq with respect to the z 
axis (g=0,±l). In the linear approximation on the mag- 
netic field the states of vector particles acquire the energy 
shifts 2^gqB. 

As is known, in the equilibrium thermodynamic en- 
semble of non-interacting particles with the spin j in the 
magnetic field B the magnetic moment M along the vec- 
tor B is formed. Its value in the thermodynamic limit 
{y^oo) is calculated as: 



M = 



E 



+3 

■'n-=-j 



K-/^>xp{g^} 

i:;t^..-.exp{^} 



Mn 



(43) 



where Mq is the maximal magnetic moment. In the case 
under consideration that leads to 




FIG. 2: Typical temperature dependence of the spontaneous 
magnetization I{T) defined as a solution of the equation (|50p . 



with the maximal magnetic moment: 



(45) 



which is achieved at r=0. In this case the spins of all 
vector particles are directed along the magnetic field, i.e. 
the ensemble is in the state | A^C, ...7!^ ^...) formed by 
the operator construction: 



$^c(...7li,k-) = n T--!,: 



(46) 



Note, that the magnetic moment of arbitrary state 
|A^C, ...7] [^...) is equal to 



9k 



(47) 



and it can takes the values — A/o,(— Afo+2/iB),..., 
{Mo-2hb),Mo. 

Now we describe in the framework of our approach (i.e. 
remaining in the basis of states {\NC)}) a model of the 
ferromagnetism of electron gas. For this purpose, we in- 
troduce the additional Hamiltonian of the spin-spin inter- 
action Hss- The presence of this additional Hamiltonian 
leads (at certain conditions) to the spontaneous magneti- 
zation, when the states with non-zero macroscopic mag- 
netic moment become energetically preferable. 

Then, for the sake of simplicity we will use the stan- 
dard method of molecular (or mean) field, assuming the 
existence of the internal magnetic field Bmo/=AI, which 
is proportional to the magnetization 1='M./V, and A is 
the Weiss coefficient. In the framework of this approach 
the Hamiltonian H^s can be written as: 



Hss = -2ixbMI-S'-'^) 



(48) 



where S^'*^ is the spin operator of the ensemble of 
fermions. Choosing the quantization axis z along the 
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magnetization vector I, the expresion for (|48p can be 
rewritten in the foUowing way: 



4G^ 



(49) 



where Gss=f''^lJ'%^ is the interaction constant, and 5*^ 
is the z-projection of the spin operator. 

The presence of the mean field 'B„ioi in combination 
with (UH) leads to the equation 



l + exp{H^}+exp{-Hf#} 



(50) 



The spontaneous magnetization /=|I| as a function of the 
temperature T is found from the solution of this equa- 
tion. The typical dependence I{T) is shown in Fig. 2. 
The maximal magnetization Iq is equal to: 



Iq = flgU 



5N_ 



(51) 



It should be stressed that though the result (|50p coincides 
formally with the mean field result for the Heisenberg fer- 
romagnetic with localized magnetic ions, but in our case 
we deal with the magnetic ordering of the collective con- 
ductivity electrons (if one keep in mind the description of 
the magnetism in metals). Note also, that the magnetic 
ordering of the conductivity electrons, according to our 
model, automatically leads to the small fractional value 



(52) 



i.e. of the magnetic moment in the /i^ units per one 
electron. 

As it follows from ([50| . at T—Q the spontaneous mag- 
netization does exist (and it equals to Iq) for arbitrary 
value of the coefficient A > (formally it can be as small 
as one likes), and, consequently, for arbitrary value of the 
interaction constant Gss>^ in ([49]) . This circumstance 
is connected with the specific dispersion law (jA2[) - (|A3p . 
which leads automatically to the fact that the energy of 
CPT-like states is the lowest energy (see Appendix). This 
fact, in its turn, allows us to construct the above model 
of the magnetism in the ensemble of fermions, based on 
the basis of states {\NC)}. 

However for the more realistic quadratic dispersion law 
P4p wc can not use the formulas given above for arbitrary 
A>0 (Gss>0), because the energy Emc lies above the 
energy of the Fermi-sphere Ep (see (|55|) - ([57|) '). i.e. the 
states {|iVC)} is not the lowest energy states (for Hamil- 
tonian Hbcs)- Therefore to justify our approach it is 
necessary that the negative contribution to the energy 
of some CPT-like states due to the spin-spin interaction 
(115)1 compensates the positive additional term in the ki- 
netic energy AE^c (see (|57)) ). In this case the energy of 



such CPT-like states will be lower than the energy of the 
Fermi-sphere Ep, which gives us the ground to use the 
basis {\NC)} in the description of the magnetism for the 
quadratic dispersion law too. 

It is obvious that the state \NC, ...7!]^ k---)' formed by 
the construction (|46p . where the spins of all the vector 
Cooper pairs are oriented in the same direction, acquires 
the maximal value of the negative addition to the en- 
ergy due to the spin-spin interaction. This state has the 
largest spin moment Sz=hSJ\f/2 and the corresponding 
negative correction to the energy H^T^ <0 (at zero tem- 
perature T=0) is equal to: 



HiT^ ^ {NC,...Jl,^...\Hss\NC,...Jl,■ 



GssW^ 
V 



(53) 



where the particle density n can be expressed in terms of 
the radius of the Fermi-sphere as n=kp/3Tr^ (in the case 
of the quadratic dispersion law). In order to the absolute 
value of the negative correction ([SH)) exceeds the energy 
addition ([37|) . the following condition should be satisfied: 



(54) 



where the parameter p p=mk p / tt'^ fi^ is the state density 
near the Fermi surface. In this case the inequality takes 
place 



E 



NC 



Ht^ < Et. 



(55) 



and, due to this reason, ([M]) can be considered as a cri- 
terion of the applicability of our model, when for the 
description of magnetic ordering near T=Q we can use 
the set of wavef unctions {|A^C)}. 

It should be noted that ([54)1 formally coincides with 
the criterion of ferromagnetism in the Stoner model [4ll | . 
This circumstance is connected with the use of the state 
\NG, ...7I1 in the deduction of ([5i)) . From the other 
hand, namely this state describe the case, when the spins 
of all fermions in the spherical layer kF—A.<k<kp+/S. 
are oriented along the same direction, that, in its turn, 
corresponds to two different (i.e. with different ra- 
diuses) Fermi-spheres. Indeed, for particles with the 
spin up (t) the corresponding radius of Fermi-sphere is 
kp^—kp—A, and for particles with the spin down (|) we 
have fc^x^^F+A (i.e. kpi^kp^). But namely similar ap- 
proach is used in the description of the ferromagnetism 
in the Stoner model. 

Despite the formal identity of the criterion to the 
Stoner criterion of ferromagnetism [4l[ , our approach has 
several principal distinctions. For example, in our ap- 
proach the magnetism is governed first of all by the re- 
distribution of fermions within the thin layer l/i^Dp near 
the Fermi-sphere. This leads automatically to the small 
value of the magnetic moment (|52p per one particle (for 
instance, per one conductivity electron in metal). This 
result as whole does not contradict to the experimental 
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data, according to which for the overwhelming majority 
of metalhc magnetics the magnetic moment, originating 
from the conductivity electrons, does not exceed few per- 
cent of the value /i^ per one free electron. Note also 
that the presence of the thin layer Dp in the ensemble of 
fermions is caused, according to our approach (i.e. in the 
framework of the general BCS ideology), by the interac- 
tion (scattering) with some other particles (for example, 
photons, phonons, excitons etc.). Apart from this, the 
existence of such thin layer can be connected with the 
presence of the energy gap near the Fermi-surface. 

However the main distinguishing feature of our ap- 
proach is connected with the description of the magnetic 
properties of conductivity electrons in the framework of 
notion of a gas of particles with the spin 1. In this 
case we can use the CPT-like states with the non-zero 
total momentum |A^C(K)) also, i.e. when the Fermi- 
sphere is constructed around the non-zero wavevector K 
(the momentum and energy of these states are defined 
by dU) and dH])). Since the states \NC{K)) carry the 
magnetic moment, then these states can be interpreted 
as spin waves for the conductivity electrons. Moreover, 
since the CPT-like states are constructed according to 
the type of free vector particles, then a notion of a gas of 
Bose-particles, which are Cooper pairs with spin 1 and 
electric charge 2e, emerges naturally in the description 
of magnetic properties. This conception can be realized 
by the introduction of the operators of creation of par- 
ticles 7g(K) with the spin projection hq {q—0,±l) and 
wavevector K. Due to the quadratic in K dispersion law 
in (H^ , the dispersion law for the vector particles is nat- 
urally presented as quadratic: 



e(K) 



2fh 



(56) 



where m is the effective mass of the pair. These Bose- 
particles can form a base of conception of the magnons 
(i.e. on the elementary excitations of spin waves) with 
the spin S=l in the subsystem of conductivity electrons. 
Also there is, in principle, the possibility of the Bose- 
Einstein condensation. 

Our model can be extended to the case, allowing an 
ordering of the electron angular moments (spins) of the 
moveless ions in solids and their spin interaction with the 
conductivity electrons. We will describe this interaction 
by the Hamiltonian Hfs'. 



Hf 



A 



(57) 



where S*^-''^ is the spin operator of the localized electrons 
(i.e. of the moveless ions), and Afs is the interaction 
constant. The total spin of one ion is denoted as J/, and 
the spatial density of ions is equal to n/ . 

In the model of mean field the Hamiltonian ((57|l can 
be rewritten in the form 



H 



A 



fs 



(58) 



where the axis z is directed along the vector of mean spin 
of ions S(/) = (S(/)). 

The maximal negative energy term i7j™''<0 due to the 
Hamiltonian 1^ for the set of CPT-states {\NC)} is 
achieved in the case when the spins of all ions are oriented 
in the same directions {{Si^'')=hJfnfV), and the spins 
of all vector pairs are oriented parallel (at Afs<0) to the 
spin of ions, or antiparallel (at Afs>0) to the spin of ions. 
Take for the specificity Afs>0. In this case 



-AfsJfnf'W/2 . 



(59) 



Now the more general (with respect to ([SSt ) condition of 
applicability of our model at T—0 can be written as 



E 



NC 



H 



(m) 



H 



(m) 



< Ef 



which leads to 



Jf nf kp 



\Afs\ + Gss Pf > 1 



(60) 



(61) 



This inequality due to the condition kp/ A 3> 1 can be 
satisfied for sufhciently small values Afs even at Gss=0- 
As a whole, the described above approach to the mag- 
netism in the ensemble of fermions corresponds to the 
following formal scheme. Let us consider the Hamilto- 
nian of general form: 



H = H 



BCS 



n. 



(62) 



where the Hamiltonian 'H(s) contains the interactions 
with the spin of particles, i.e. the interactions connected 
with the magnetism. For example: 



(63) 



The Hamiltonian Hbcs in (EH) plays a role of the basic 
Hamiltonian, and the operator H(s) is considered as a 
perturbation. Then, in the linear approximation we find 
the maximal negative correction H^^^^ <Q to the energy 
of CPT-hke states: 



(rn) 
(S) 



{NC,...^\^..]nis)\NC,...^U^^...). (64) 



From consideration of the minimality of energy we find 
the criterion of applicability of our model at T=0: 



Enc 



(65) 



The inequalities and ([50)1 (correspondingly, ([5^ and 
(pT|) ) should be considered as some particular cases of the 
general inequality ([55]) . Note, the spin Hamiltonian H(s) 
in (|62p does not influence (in the linear approximation) 
on the energy Ep of the Fermi state \F) (see be- 
cause this state correspond to the zero total spin (and 
orbital angular momentum). 
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It should be noted, that in the framework of described 
approach one can consider (at least formally) also the 
case of interparticle attraction, i.e. .g<0 in ([8]). How- 
ever in this case the ground state energy of the BCS 
theory Ebcs (see li^s below the Fermi energy, i.e. 
Ebcs<Ef- Due to this reason at g<0 the criterion of 
applicability of our model of the magnetism, based on the 
CPT-like states, differs from (ISS]) and has the following 
form: 

Enc + Hj^l^ < Ebcs ■ (66) 



V. CPT-LIKE STATE AND SUPERFLUIDITY 
IN =*HE 

Apart from the delocalized electrons in metals another 
object, to which the obtained results can be related, is hq- 
uid ^He. Atoms of ^He are fermions with the spin 1 /2 and 
due to this reason the use of the standard BSC Hamilto- 
nian ^ for theoretical description is well-grounded (at 
lest, on the qualitative level). 

As is known (see, for example, the reviews [13,14^ and 
references therein), the superfluid phase of ^He is char- 
acterized by the formation of Cooper pairs with the spin 
5=1. This fact, according to our approach, can be in- 
terpreted as a consequence of the repulsion {g>0) caused 
by the s-wave scattering, when the vector pairing can be 
energetically favorable. Note that the s-wave scattering 
is included in the Hamiltonian ([8]). 

This fact, according to our approach, can be inter- 
preted, for example, as a consequence of the effective 
repulsion between quasiparticles in liquid '^He, i.e. when 
g>0 and the vector pairing can be energetically favorable. 

Note, that the operator constructions of general form 
(I38p allow the formation of spherically asymmetrical 
states \NC), i.e. the states with the non-zero orbital 
angular momentum. Therefore there exists a possibil- 
ity to describe paired states, which are characterized not 
only by the spin 5=1, but also by the orbital momen- 
tum L^O and, in particular, L=l. Here we deal with 
the angular orbital momentum of the relative motion of 
particles in the pair. The orbital momentum connected 
with the translational motion of the Cooper pairs is de- 
scribed by the states |A^C(K)) with the non-zero total 
linear momentum (see (PT|) and (|^^ ) and by their coher- 
ent superpositions. 

Thus, our approach can be considerably easily inserted 
into the existed general picture of the theoretical descrip- 
tion of •^He based on the notion of Cooper pairs with 
5=1 and L—1. Basing on this notion, we can now intro- 
duce additional interaction Hamiltonians (between vec- 
tor pairs, spin-orbit coupling, spin-spin, with magnetic 
field etc.), and allow for the more detail description of 
physical properties (for instance, the classification of su- 
perfluid phases in ^He-B, '^He-A, and ^He-Ai). In other 
words, the obtained CPT-like states can be considered, 
in a formally consistent way, as the zero approximation 



(corresponding to the spin 5=1 of Cooper pairs) to the 
standard theoretical scheme. 

Let us add that since the BCS model is used in the 
description of neutron stars (see in the review ^44] ) , then 
the substance of neutron stars can be, in principle, an 
object of application of the obtained results (including 
the magnetism). 



VI. CONCLUSION 

In the framework of standard mathematical BCS 
model we have considered the ensemble of interacting 
fermions with the spin 1/2. Usually this model is used for 
the description of Cooper pairs with the total spin 5= 0. 
However, as it turns out, the standard BCS Hamiltonian 
describes also the vector (5=1) pairing of particles with 
the opposite linear momenta close to the Fermi sphere. 
Thus, it is shown that, in principle, for the description 
of vector Cooper pairs with the spin 1 it is not neces- 
sary to introduce into the interaction Hamiltonian the 
corresponding vector operator constructions, i.e. it is 
possible to remain in the framework of the operator ([H]), 
formed only by the scalar constructions (fTO)) . The found 
states nullify the interaction Hamiltonian ([8|) and, there- 
fore, they have some analogy with the known CPT effect. 
Moreover, there are good reasons to believe that at cer- 
tain conditions these CPT-like states can belong to the 
lower part of energy spectrum, and, consequently, play a 
significant role in the description of physical properties 
of the given ensemble. 

Since the CPT-like states have a huge degree of degen- 
eracy and carry the macroscopic magnetic moment, then 
it is logical to apply them to the description of the mag- 
netic ordering for the delocalized electrons in the case 
g>0, when the vector pairing is energetically favorable. 
In particular, we have proposed a new approach to the ex- 
planation of the ferromagnetism (and the magnetic order- 
ing in general) connected with the delocalized electrons 
(i.e. itinerant magnetism). Moreover, here the concept 
of magnons with the spin 5=1 in the subsystem of the 
delocalized electrons naturally emerges. Apart from the 
magnetism in metals (conductors), the obtained results 
may have a potential significance for the description of 
the superfluidity in '^He, explaining, for example, the vec- 
tor type (5=1) of Cooper pairs as a consequence of the 
repulsion {g>0) in the interaction Hamiltonian ([8]). 

Thus, there are serious reasons to assume that the 
standard mathematical BCS model is more universal and, 
apart from the superconductivity (at g<0) it can serve as 
a base in the description of other affects in metals (con- 
ductors) and in quantum Fermi liquids (for example, at 
5>0). 

The presented results on the magnetism in metals and 
the superfluidity in ^He are preliminary (discussional) 
and have a character of a review of some possible conse- 
quences under the assumption that the found CPT-like 
states have a concrete physical sense and they can be- 
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long to the lower part of energy spectrum. However, even 
such a qualitative analysis confirms that the proposed ap- 
proach deserves an attention and further development. 

Authors thank G.I. Surdutovich, E.G. Batyev, L.V. 
Il'ichev, and A.M. Tumaikin for useful discussions. 
This work was supported by grants INTAS-SBRAS (06- 
1000013-9427), RFBR (07-02-01230, 07-02-01028, 08-02- 
01108), and Presidium SB RAS. 

APPENDIX A 

Let us show that at some simplifying assumptions on 
the operators (O and ([5]) the energy level E^c is the 
ground level at 5>0. 

So in the interaction Hamiltonian ([8|) we will assume 
the equality G'(ki,k2)=l for the formfactor. Then the 
operator W can be written in the form: 

W = gB''B, (Al) 
1 . 

^ ^ ker>F 

Another approximation is related to the dispersion law e^^ 
in the unperturbed Hamiltonian ((B]). for the thin spher- 
ical layer Dp (when A<^kp) the energy of particles 
with different k are almost the same and, due to this 
reason, we will assume their equality s^=e for all kGl?_F. 
In this case the kinetic energy operator Hq is split into 
the two summand: 

Ho = em + ^ , (A2) 

Here the first summand corresponds to the states with 
(fc^— A)<|k|<(fc^-f-A) and it is proportional to the op- 
erator of the particle number in the spherical layer 'Dp'- 

E «Ik«.k- (A3) 

The dispersion law for |k|<(fcj^— A) in the second sum- 
mand -ffQ*"* in (|A2[) is assumed arbitrary: 

E ^k«L«.k- (A4) 

s,|k|<(fc^-A) 

Take arbitrary eigenvector | ^P) for the total Hamiltonian 
Hbcs=Ho+W , i.e. HBCs\^)=E\'i) . Then, in view of 
(|A2p and (jAip . for the eigenenergy E the following rela- 
tionships is fulfilled: 

E = {^Hbcs\-^) = (^-liJol*) + 9 (*|5tB|*) = 
e{^\5M\^) + + g {■^\B^B\^) . (A5) 

By the problem statement we are interested only in such 
states, which can be symbolically presented as: 

l^f) = $$(A) |0) , (^'|^') = 1, (A6) 



where some operator ^ acts only on the states in the 
spherical layer keI?_F, and the fixed construction <I'(A) in 
accordance with (^5)1 describes the fully occupied states 
with |k|<(fc^— A). Since the kinetic energy operator 
(IA4p also acts only on the states with |k|<(A;^— A), then 
for arbitrary vector |^) the second summand in (|A5p is 
fixed: 

(A7) 

Apart from this, only the states with conserved number 
of particles (at least in average) are physically signifi- 
cant, i.e. the average of the particle number operator 
N=^^ ^ ^Ik'^sk i^ equal to the fixed number M: 

{^\N\^)^N. (A8) 

From the other hand, the construction ^(A) determines 
the fixed number A/* of particles, occupying the sphere 
with |k|<(fcj^— A). Consequently, all the physically sig- 
nificant states I ^E*) should also conserve the particle num- 
ber 5N in the spherical layer Vp, because AA=A/$-|-(5A^. 
As a result we have: 

{^'5M\^)=W. (A9) 

Using (|A7p and (|A9p , the expression (jASp can be rewrit- 
ten in the following form: 

E = eM +E^+g{^B'^B\<i!) . (AlO) 

Consider now the case g>Q. From the obvious inequality 

{^B^B\^) = {m\m) > , (All) 

it follows that 

E > eW + E^ . (A12) 

From the other hand, since the CPT-like states nullify 
the interaction operator W, then for the energy E]\[q we 
get: 

Enc^sW + E^,. (A13) 

Thus, the states \NC) belong to the ground energy level, 
as we wished prove. 

Moreover, let us show that the energy of all other states 
lie above the energy Enc- Indeed, consider the eigen- 
statc l^f), for which the condition of nullification of the 

operator W is not fulfilled, i.e. VF|^')7^0. In accordance 
with (jAip this means B\'i')^0. Then the rigorous in- 
equality is fulfilled 

{^\&B\^) = (B^lB-ii) > , (A14) 

which, in its turn, leads to the rigorous inequality 
E>Enc'- 

Vice versa, in the case g<0 it can be proved analo- 
gously that the energy E^c is maximal. 
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It should be noted that although the model dispersion 
law for free particles in (|A2p is approximate, neverthe- 
less, the performed analysis argues that our statement 
that the vector pairing {S~l) is possibly energetically 
favorable for f;>0 is not unfounded. Vice versa, in the 
case of interparticle attraction (g<0) the vector type of 
pairing is not energetically favorable. 

Let us add that above we talk only about the states 
|iVC), because we know their exact analytical form and 
energy Ej^c- It is well to bear in mind that in the gen- 
eral case there exist a whole family of allied energy levels, 
which will be denoted as {NC}. For example, if in the 
operator construction "i! mc (see ([Ml)) we replace several 
operators 7] by some other constructions, consisting 

of a\ (conserving the total particle number A/") , then as 
a result we will generate some state j^*), which formally 



does not obey the condition HT]), i-e. W"|\E')^0. At the 
same time, it is obvious that the state does not prac- 
tically differ from the state \NC) (especially in the limit 
M^oo). The definition of the family (sub-band) of lev- 
els {NC} is a subject of special consideration. Generally 
speaking the states from {NC} should be characterized 
by the predominance of Cooper pairs with the spin S=l, 
and by the considerably weak influence of the operator 
W on them. It should be noted, that the similar situa- 
tion appears in the standard CPT effect in the resonant 
interaction of light with multilevel atoms. In this case 
there are one or several exact CPT-states and a whole 
family of allied states (with similar physical properties 
and close energy). Thus, the exact CPT-states play a 
role of a kernel-type of special subsystem of levels. 
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